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A GRASSMANN REPRESENTATION OF THE HUBBLE PARAMETER
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The Riccati equation for the Hubble parameter H of barotropic FRW cosmologies in
conformal time for κ 6= 0 spatial geometries and in comoving time for the κ = 0 geometry,
respectively, is generalized to odd Grassmannian time parameters. We obtain a system
of simple dierential equations for the four supercomponents (two of even type and
two of odd type) of the Hubble supereld function H that is explicitly solved. For the
interesting physical case of flat cosmologies, we obtain cosmological acceleration in the
second even Hubble component for all values of the adiabatic index.
1 - Recently, Faraoni,1 showed that the equations describing barotropic FRW
cosmologies can be combined in a simple Riccati equation leading in a much easier
way to the textbook solutions for the FRW scale factors. Faraoni obtained the
following cosmological Riccati equation
dH
d
= −cH2 − c ; (1a)
for the log derivative of the FRW scale factor, the famous Hubble parameter H() =
da/dη
a . The independent variable is the conformal time , c =
3
2γ − 1 was assumed
constant by Faraoni, and  = 0;1 is the curvature index of the flat, closed, open
FRW universe, respectively. The adiabatic index γ is dened through the barotropic
equation of state P = (γ − 1), where P and  are, respectively, the pressure and
energy density of the cosmological fluid under consideration. It is a constant quan-
tity in the approach of Faraoni. It is a simple matter to write the rst Friedmann
dynamical equation a¨a = − 4piG3 ( + P ) in the form a¨a = − 4piGρ3 c for the barotropic
case. Thus, the common lore is that a negative c (γ < 23 ) implies an accelerating
universe as claimed in the astrophysics of supernovae.
We also notice that from the mathematical point of view, Faraoni‘s FRW Riccati
equation being of constant coecients is directly integrable. The solutions are
H+ = − tan c ; H− = coth(c) ; (1b)
for the closed and open FRW universes, respectively.
In the following we perform a very simple generalization of the cosmological
Riccati equation (1) by considering the Hubble parameter as a function not only of
time but also of the so-called odd \time" parameters, 1 and 1 (where 1 is the
complex conjugate of 1).2 In this way, the Hubble parameter becomes a supereld
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in the terminology of superanalysis.3 This is only a toy generalization since we do not
relate it to any sophisticated formalism, such as supergravity. However, we obtain
some simple analytic formulas for all the components of the Hubble supereld that
display interesting cosmological acceleration features.





fDθ1; Dθ1gH = H2 +  ; (2)
where
H(; 1; 1) = H0() + i1 H1() + i1H1() + 11H11() ; (3)













After simple (super)calculations we get the following system of equations
dH0
d









= 2H0H11 + 2h1h1; (5d)
where H1 = h1, H1 = h1, and the Grassmann parameter  fullls  = 1. One
can see that equation (5a) is identical to Faraoni’s Riccati equation. Therefore, the
solutions are
H+0 = −tan(c); H−0 = coth(c); (6)
For the other components, we get simple rst order dierential equations. The
equations (5b) and (5d) are identical since we consider only the possibility of real








for the closed and open spatial geometries, respectively.
Finally, the solution of the equation for H11 can be obtained by the method of
















Grassmann Hubble superfield 3























c +4)(c)d ; (11)
respectively. These integrals can be written down in the following closed forms
I1 = 13c + 2
sin(c)
j sin(c)j cos






































respectively. The functions 2F1 are the hypergeometric functions of the quoted
parameters and variables. They can be also written in terms of Jacobi polynomials.4
3 - The case  = 0 is special in the sense that  = −(c + 1),  = 0 and the
independent variable is the comoving time t.5 Therefore, the odd time parameters
refer to the comoving time in this case.















c+1 − 2c + 2
3c + 5
t−3 : (14)
Plots involving the function H011 are presented in Figs. (1) and (2).
(ii) The case c + 1 = 0 leads to





4 - Through a simple generalization of the barotropic FRW Riccati evolution
equation to odd Grassmann time parameters (1, 1) a Grassmann (supereld)
representation of the Hubble parameter is given in this work. The components of the
Hubble parameter supereld are explicitly obtained under the simple assumption
of a real Hubble supereld. Plots of d
2a
dt2 =a for flat FRW barotropic universes show
that there is cosmological acceleration in the second even Hubble component for
any value of the adiabatic index.
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showing that for this supereld
component there is cosmological acceleration (of dierent strength) for all values of c














Fig. 2: The same plot as in Fig. 1 for the same time interval and c 2 [−0.9, 0.1] . One
can see the strong acceleration eect corresponding to fluids in the neighborhood of the
cosmological vacuum and also traces of the deflationary phase.
